Abstract: The notion of an excellent quadratic form has been introduced by M. Knebusch 10, 11] . It has an obvious analogue for a semisimple linear algebraic group G over an arbitrary eld k: the group G is excellent if, for any eld extension K of k, the anisotropic kernel of the K-group G k K can be de ned by a k-group. The aim of this paper is to investigate excellence properties of special linear and orthogonal groups.
Introduction
Not much is known about anisotropic semisimple linear algebraic groups over arbitrary elds. In order to reduce this gap of knowledge we study an important class of semisimple groups which we call excellent algebraic groups.
If k is any eld, a semisimple k-group G is excellent, if, for any eld extension K of k, there exists an algebraic group H over k such that H k K is the anisotropic kernel of the K-group G k K.
A corresponding notion for quadratic forms was introduced by M. Knebusch 11, 7.14, p. 6] . A regular quadratic form q over k is excellent if, for any eld extension K of k, there exists a form over k such that k K is the anisotropic kernel of the quadratic form q K := q k K.
The notion of excellence also has an obvious analogue for an Azumaya algebra A over k (cf. Def. 1.1 below). It is proved here (Th. 1.10 and Th. 1.6 ) that the following three statements are equivalent: i) A is excellent. ii) The special linear group G = SL 1 (A) is excellent. iii) The index of A is squarefree. We like to emphasize that the squarefreeness of the index is a crucial condition for several algebraic properties of Azumaya algebras related to rationality questions discussed in the past and recently, cf. 23, 15, 19, 20, 13, 4] .
Using the index reduction formula of Scho eld and van den Bergh 17, Th. 1.3], we obtain in Cor. 1.7 that an Azumaya algebra is excellent if and only if its index and its exponent coincide over every eld extension of k.
In section 2, the notion of excellence for the special orthogonal group of a regular quadratic form over a eld k of characteristic 6 = 2 is discussed. We prove in Th. 2.2, that the projective quadrics of two regular forms over k are isomorphic if and only if their corresponding special orthogonal groups are isomorphic as k-groups. This and the generic splitting theory 8] yield in Th. 2.5 a necessary and su cient criterion for the special orthogonal group of a regular form q to be excellent. It shows that the class of quadratic forms which give rise to excellent groups is bigger than the class of excellent forms in the sense of Knebusch. There are non excellent quadratic forms which have excellent orthogonal groups. For example, the so called \good forms" as introduced by Fitzgerald 5] have an excellent special orthogonal group, but are not always excellent (cf. Ex. 2.7 below). On the other hand, if q is excellent, then G also is excellent. It would be interesting to get an overview about the class of quadratic forms described in Th. 2.5.
Knebusch 10] introduced a generic splitting tower k = F 0 F 1 : : : F h of a non-split quadratic form q over k and proved in 11, Th. 7.14], that an anisotropic quadratic form q over k is excellent if and only if there is a quadratic form i over k such that i k F i is the anisotropic kernel of q k F i for all i = 1; : : :; h. We prove analogous statements for the special orthogonal group G = SO(q) and for the special linear group G = SL 1 (A) in 2.4 and 1.9, 1.10 below.
We would like to thank D. Ho mann, O. Izhboldin and J-P. Serre for useful comments given on the occasion of the conference on \Linear algebraic groups and related structures" at Louvain-la-Neuve, 1996.
1. Azumaya algebras and excellent groups of type 1 there is a canonical way to nd a k-algebra C such that D ' C k K as follows from 1.5 and 1.6 below.
1.2 Lemma. Let A be an Azumaya algebra over k, let K be a eld extension of k, and let D be the underlying central division algebra of A k K. Then the following two statements are equivalent.
i) There is a k-algebra C such that C k K ' D.
ii) There is an Azumaya algebra B over k such that B k K is split and ind (A k K) = ind (A k B). Proof. i) implies ii): De ne B := A op k C. 1.5 Lemma. Let A " ; A be central division algebras over k with coprime indices "; , and let A := A " k A . For any eld extension K of k with = ind (A k K), the underlying central division algebra of A k K is isomorphic to A k K. For K = F , the following uniqueness statement holds: Any k-algebra C satisfying
, since "; are coprime, hence A k K is a division algebra. By assumption, A k C op is split by F . Hence A k C op A j for some integer j by 2, Th. 7, p. 115]. This yields A C k A j C k A j " k A j C k A j " . Since = ind C and ind A j " are coprime, we conclude that A j " splits over k, and A ' C. 
We say that a eld k 0 k is a k-specialization of a eld L k if there is a k-place there is a k-algebra C and an integer r > 0 such that A k F ' M r (C k F) and C k F is a central division algebra. Since we have canonical F-algebra isomorphisms
it follows that A k R and M r (C k R) represent the same equivalence class in Br(R) and that the R-ranks of A k R and M r (C k R) coincide. Since R is a local ring, equivalence in Br(R) means that there are integers m; n > 0 such that
and for rank reasons we must have m = n. By the cancellation property for Azumaya algebras over semilocal rings it follows A k R ' M r (C k R) (cf. 7, Chap. III, Prop.
5.2.3, p. 144])
. Viewing K as an R-algebra via ' we obtain K-algebra isomorphisms
This implies that C k K is a division algebra since ind (A k F) = ind (A k K). 2. Quadratic forms and excellent special orthogonal groups Let k be an in nite eld with char k 6 = 2 and let (M; q) be a regular quadratic k-space of dimension m 3, hence M is an m-dimensional k-vector space and q is a quadratic form with non-degenerate associated bilinear form ( ; ) such that q(x+y) = q(x)+q(y)+(x; y) holds for all x; y 2 M. The discriminant d(q) of (M; q) is de ned to be the square class (?1) m=2] det((u i ; u j ) i;j=1;:::;m )k 2 where H i is a hyperbolic plane for i = 1; : : :; r and (M an ; q an ) with q an := qj M an is a maximal anisotropic subspace of (M; q) which is unique up to k-isometry and is called an anisotropic kernel of the quadratic space (M; q). The integer r 0 is the Witt index of (M; q), and we have m = 2r + dim k M an and d(q) = d(q an ). We will write i(q) for the Witt index of q and q K for the form q k K in case K is a eld extension of k. The lemma says, in other words: If the notion of isotropy for q and q 0 is the same for all quadratic eld extensions of k, then the notion of orthogonality is the same for both forms.
Proof. Let x; y 2 M. If x; y are linearly dependent, then we may assume that y = x for some 2 k. We then have (x; y) = 2 q(x) and (x; y) 0 = 2 q 0 (x) and we are done in this case.
Hence we may assume that W := kx ky is a plane. Let L be a quadratic extension of k such that q L j W L is isotropic. Let e; f 2 W L be a hyperbolic pair for q L . We then have, by our assumption, the formulas q L (e) = 0 = q 0 L (e); q L (f) = 0 = q 0 L (f); (e; f) = 1; (e; f) 0 = for some 2 L . If we write x = x e + x f and y = y e + y f with x ; y ; x ; y 2 L we obtain (x; y) = ( x y + y x )(e; f) = ?1 ( x y + y x )(e; f) 0 = ?1 (x; y) 0 and our claim follows. In fact, the computation shows that is necessarily in k , but we do not need that here.
2.2 Theorem. Let q and q 0 be regular quadratic forms over k of dimensions 3.
Then the following statements are equivalent. i) SO(q) and SO(q 0 ) are isomorphic as k-groups.
ii) The projective quadrics de ned by q and q 0 are isomorphic as k-varieties.
iii) q and q 0 are similar over k, that is, there is a 2 k such that q ' q 0 .
Proof. i) implies ii): Any k-isomorphism between the semisimple groups G := SO(q) and G 0 := SO(q 0 ) preserves the notion of parabolic subgroups and their types. Trivially ii) implies iii), and it follows from 2.4 that iii) implies i). Let now dim q be odd. Then looking at the discriminants d( K ) = d(a(q K ) an ) = a d(q K ) we observe that, up to a square, a must be in k and the last statement follows. 2.7 Example. Let q be anisotropic of height 2 with leading form de ned over k. Then the special orthogonal group SO(q) is excellent. If, in addition, dim q is a 2-power then q is not excellent. Proof. If m is odd then q is excellent 11, p. 27] and thus SO(q) is excellent. Assume that m is even and q is not excellent. Let F = k(q) denote the function eld of q and let denote a quadratic form over k such that F is the leading form of q. Then there is an a 2 F such that (q F ) an ' a F by the properties of the leading form. Since q has height 2, Th. 2.5 implies that G is excellent.
